A Mariotte bottle is a device that provides a constant effusion velocity for liquids. We discuss a Mariotte bottle that has been designed to study the flow regime and the transition from laminar to turbulent flow. Several straight, smooth, circular glass tubes with different lengths and sections were inserted into the lower part of the bottle so that the rate of flow could be measured in very different experimental conditions by using a precision balance. Reynolds numbers in the interval 1014рR р6098 were obtained, showing that the flow regime is laminar for Rр3000. There is a transition in the flow regime for R in the interval 3000-4000 and a turbulent flow regime for higher R. Because the device is very simple and the results obtained are very clear and exemplary, we recommend using this device as a laboratory experiment for physics or engineering students who require a knowledge of fluid mechanics.
I. INTRODUCTION
Although the theory of laminar flow is well developed and many solutions are known, 1,2 there is no theoretical analysis or computer solution that can simulate the small scale random fluctuations of turbulent flow. Thus, the theory for turbulent flow is semiempirical and is based on dimensional analysis and physical reasoning that permits us only to evaluate the average properties and the variance of the fluctuations. Nevertheless, the theory of turbulent flow is surprisingly effective.
It is of much practical interest for engineers and physicists to have prior knowledge of the flow regime ͑laminar or turbulent͒ that will govern the movement of a fluid. In 1883, Osborne Reynolds demonstrated that the nature of the flow regime depends on the value of a certain dimensionless parameter that represents the ratio between the inertial force and the viscosity. 3 This parameter R, known as the Reynolds number, has been widely used. It has been experimentally demonstrated that for the flow of fluids through circular tubes, there is a critical value of R of approximately 2300 that marks the transition from one flow regime to another.
To analyze the transition regime from laminar to turbulent flow, we have used a Mariotte bottle that we designed and constructed. A Mariotte bottle is a device that provides a constant effusion velocity for liquids. Historically, the Mariotte bottle was frequently used in the 19th century in oil lamps for domestic illumination. 4 It consists of a closed bottle whose cover is crossed by a vertical tube. To achieve a constant effusion velocity, the lower end of the bottle must be constantly submerged in the liquid that fills the bottle.
In this work we have inserted several straight, smooth, circular glass tubes with different lengths and diameters in a hole in the lower part of the bottle's wall, and have investigated the flow regime of water by means of simple flow rate measurements. The velocity of the liquid that pours out of the tube versus the distance between the lower end of the vertical tube and the level of the horizontal tube was determined for each tube. The experimental Reynolds numbers were then determined and compared with the theoretical values calculated by means of the formulas for laminar and turbulent flows.
The use of glass tubes of different but similar lengths and diameters allowed us to check that the transition from laminar to turbulent flow is independent of these parameters, and depends, for a given material ͑glass͒ and liquid ͑water͒, only on the Reynolds number.
II. THEORY
Bernoulli's law for the viscous flow of a liquid between two points i and j of a tube takes the following form:
͑1͒
where p is the pressure, v is the velocity of the flowing liquid, y is the height with respect to an arbitrary reference level, g is the acceleration of gravity, and H is the loss of head along the current tube, that is, the energy loss due to the increase of the specific internal energy of the liquid and the heat dissipated. Let us apply Eq. ͑1͒ to the configuration schematically shown in Fig. 1 , where, besides the characteristic dimensions of the container, the length L and the diameter D of the horizontal tube are shown, as well as the distance h between the lower end of the vertical tube and the horizontal tube and the three characteristic points 0, 1, and 2. Bernoulli's law for points 1 and 2 of Fig. 1 has the following form ͓with v 1 ϭv 2 ϭv, y 1 ϭy 2 ϭ0 and p 2 ϭ p a ͑atmospheric pressure͔͒:
where H L is the loss of head for the liquid flow from point 1 to 2, and H l is the loss of head for the liquid intake and the liquid outlet in the horizontal tube ͑points 1 and 2, respectively͒.
Although H L depends on the flow regime ͑laminar or turbulent͒, a variety of experimental data suggest that H l is independent of the flow regime. Most authors use the following law for both points 1 ͑intake͒ and 2 ͑outlet͒:
where K is a constant known as the friction coefficient. We have used the commonly accepted values of Kϭ0.78 in the intake and Kϭ1 in the outlet.
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On the other hand, Bernoulli's law for points 0 and 1 of a streamline, taking into account that y 0 Ϫy 1 ϭh, p 0 ϭ p a , H ϭ0, and that vϳ0, can be expressed as:
A. Laminar flow
We next evaluate the term H L of Eq. ͑2͒, which depends on the flow regime. For laminar flow, H L is easily obtained from the Hagen-Poisseuille law:
where RϭDv/ is the Reynolds number, and is the liquid viscosity. By substituting Eqs. ͑5͒ and ͑3͒ in Eq. ͑2͒ and combining Eqs. ͑2͒ and ͑4͒ to eliminate the common term (p 1 Ϫ p a )/, we obtain:
B. Turbulent flow
In this case the loss of head H L can be evaluated by means of the empirical formula of Blasius, 6 which is valid for smooth tubes and Reynolds numbers up to 10 5 :
By carrying out the same steps as in the previous case, the following relation can be found:
Both Eqs. ͑6͒ and ͑8͒ can be expressed in the form:
F͑,,L,D,v,h ͒ϭ0. ͑9͒
Given that and depend only on the liquid ͑water͒ and the laboratory temperature ͑20°C͒, we take ϭ10 3 kg m Ϫ3 and ϭ1.002ϫ10
Once a particular tube is inserted in the hole of the Mariotte bottle, the values of the length L and the diameter D are fixed, and Eq. ͑9͒ can be written as:
F͑v,h ͒ϭ0. ͑10͒
Equation ͑10͒ shows that for each value of h, there is a value of the effusion velocity v that satisfies Fϭ0. For laminar flow, Eq. ͑10͒ takes the following form:
where a, b, and c are constants. Therefore, the evaluation is reduced to the solution of a quadratic equation. For turbulent flow, Eq. ͑10͒ has the form:
where aЈ, bЈ, and cЈ are constants. In this case the evaluation is more complex and requires, in general, the use of numerical methods to determine the value of v that satisfies Eq. ͑12͒ for a particular value of h.
III. DESIGN OF THE MARIOTTE BOTTLE AND SELECTION OF TUBES
To design and construct a useful Mariotte bottle, a container of large dimensions (lengthϭ54.3 cm,diameter ϭ26.2 cm) was chosen and a hole was opened in the lower part of the wall ͑see Fig. 1͒ . Several straight, smooth, and circular tubes of glass were inserted in the hole in order to empty it.
The container lid was perforated and two tightening joints ͑named 2 and 3 in Fig. 1͒ were pasted on it, carefully centering them in the hole. A wide nut was inserted in the lower joint ͑named 4͒ and to attach it to the lid, a spigot ͑named 1͒ was screwed on it. The spigot is hollow so that it permits air intake and outlet. Finally, a long polypropylene tube was cut in sections of lengths of 5-40 cm in order to insert the tubes in different spigots ͑see 5 and 6 in Fig. 1͒ . This assembly permitted us to select the desired distance h by screwing the suitable polypropylene section onto the nut. Moreover, this assembly allowed the hermetic sealing of the container and the correct functioning of the Mariotte bottle.
Three glass tubes were selected with different and similar lengths and diameters ͑see D values of each tube influenced the transition from laminar to turbulent flow.
IV. RESULTS AND DISCUSSION
Some experiments were carried out to evaluate the effusion velocity v versus the distance h. The liquid of the container was poured out by means of one of the three glass tubes into a precipitate glass with a capacity of 600 ml, which was placed on an electronic balance ͑see Fig. 1͒ . The balance had a precision of 0.1 g. The volume poured out versus the time was evaluated by using a chronometer and by knowing the water density at 20°C to be 1 g cm
Ϫ3
. Figure 2 shows the volume V poured out versus the time t for tube 2 and different distances h. The linear dependence of V vs t is a result of the constant effusion velocity and is a demonstration of the correct functioning of the Mariotte bottle. Similar curves were obtained for tubes 1 and 3.
Next, the rate of flow, I v , was evaluated for each tube and distance h from the slope of the V(t) curve. The linear dependence of the experimental V(t) curves made the evaluation method easy and unambiguous. Finally, by using that I v ϭAv, where A is the tube cross section, the experimental values for the effusion velocity v were obtained.
Equations ͑11͒ and ͑12͒ were used to obtain the theoretical curves for the effusion velocity v versus the distance h for laminar and turbulent flows, respectively. As was discussed in Sec. III, the determination of v for laminar flow involves the solution of a second-order equation. For turbulent flow, we used a graphical method and plotted the left-hand side of Eq. ͑12͒ versus v. Given a particular value of h, the desired velocity v is the one that crosses the abscissa. The use of a commercial program, DERIVE, facilitated this solution.
Figures 3, 4, and 5 show the experimental and theoretical data for the effusion velocity v versus the distance h for tubes 1, 2, and 3, respectively. Figure 3 shows effusion velocities from 0.42 to 1.23 m/s and R values from 1014 to 2970. We see that there is excellent agreement between the theoretical data for laminar flow and the experimental data. Figure 4 shows effusion velocities from 0.28 to 1.02 m/s and R values from 1098 to 4031. We found a reasonable fit between the theoretical data for laminar flow and the experimental data for R values up to 3000. For the larger values of R, neither the laminar nor turbulent theories are in agreement with the experimental data.
Finally, Fig. 5 shows effusion velocities from 0.41 to 1.14 m/s and R values from 2193 to 6098. We found that the theoretical data for laminar flow provided a reasonable fit with the two lower experimental values of v, that is, for R up to 3263. There also is an intermediate value of v ͑0.74 m/s͒ that is not in agreement with both theories. For RϾ4407, we found that the theoretical data for the turbulent flow are in agreement with the experimental data.
We conclude that the flow regime for the flow of a liquid ͑water͒ through straight, smooth, and circular glass tubes with different but similar lengths and diameters is laminar for R values up to approximately 3000 and turbulent for R above approximately 4400; there is an intermediate and broad interval of R values ͑from 3000 to approximately 4400͒ in which a transition of the flow regime takes place.
To evaluate the validity of our results, we note that the commonly accepted R value of 2300 marks the change of regime for the flow of fluids through circular tubes, but also that this critical value increases for smooth tubes. 2, 7 Finally, let us make it clear that the change of regime does not depend on the effusion velocity v, but on the Reynolds number R. For example, for tube 1 the flow is laminar for an effusion velocity of 1.2 m/s, and for tube 2 the flow is not laminar for an effusion velocity of 0.77 m/s ͑see Figs. 4 and 5͒.
V. SUMMARY
The use of a Mariotte bottle to empty a container by means of straight, smooth, circular glass tubes has permitted the design of a useful laboratory experiment that provides experimental evidence of the transition from laminar to turbulent flow.
Because the device is very simple and the results obtained are clear and unambiguous, we recommend this device for use as a laboratory experiment for students of fluid mechanics. 
